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Abstract
Let Z be a complete set of Sylow subgroups of a ﬁnite group G, that is, for each prime p dividing
the order of G, Z contains one and only one Sylow p-subgroup of G. A subgroup H of G is said to be
Z-permutable inG ifH permutes with every member ofZ. In this paper we characterize p-nilpotency
of ﬁnite groups G with assumption that some maximal subgroups or some 2-maximal subgroups of
Sylow subgroups of G are Z-permutable. Some recent results are extended.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
All groups considered in this paper are ﬁnite. We use conventional notions and notation,
as in Huppert [11]. Throughout this article, G stands for a ﬁnite group.
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LetM be a maximal subgroup of a group G. IfM1 is a maximal subgroup ofM, then we
callM1 a 2-maximal subgroup of G. For two subgroups H and K of G, we say H permutes
with K ifHK =KH . A subgroup of G is called quasinormal in G if it permutes with every
subgroup of G. We say, following Kegel [12], that a subgroup of G is -quasinormal in G
if it permutes with every Sylow subgroup of G. Recently, Asaad and Heliel [3] introduced
a new embedding property, namely, the Z-permutability of subgroups of a group. Z is
called a complete set of Sylow subgroups of G if for each prime p ∈ (G) (the set of
distinct primes dividing |G|), Z contains exactly one Sylow p-subgroup of G, say, Gp.
A subgroup of G is said to be Z-permutable in G if it permutes with every member of Z.
Obviously, every -quasinormal subgroup isZ-permutable. In contrast to the fact that every
-quasinormal subgroup is subnormal (see [12]), it does not hold in general that every Z-
permutable subgroup ofG is subnormal inG. It sufﬁces to consider the alternating group of
degree 4.
Many authors have investigated the structure of a group G under the assumption that
some subgroups of prime power order of G are well-situated in G (ref. [1–3,13,14,17–19]).
It oˆ has proved that if the center of a group G of odd order contains all minimal sub-
groups of G, then G is nilpotent. An extension of Itoˆ’s result is the following statement
[11, 5.5, p. 435]: if, for an odd prime p, every subgroup of G of order p lies in the
center of G, then G is p-nilpotent; if all elements of G of order 2 and 4 lie in the cen-
ter of G, then G is 2-nilpotent. Srinivasan [17] proved that a group G is supersolvable
if every maximal subgroup of any Sylow subgroup of G is normal. Later on, Wall [18]
gave a complete classiﬁcation of ﬁnite groups under the assumption of Srinivasan. From
[2, Theorem 3.1], we know that ifG is a group and p the smallest prime dividing |G|, thenG
is p-nilpotent if the maximal subgroups of the Sylow p-subgroups of G are -quasinormal
in G. Moreover, Asaad and Heliel proved in [3] that if Z is a complete set of Sylow sub-
groups of a group G and if the maximal subgroups of Gp are Z-permutable subgroups
of G, for all Gp ∈ Z, then G is p1-nilpotent, where p1 is the smallest prime dividing
|G|. In this paper, we ﬁrst generalize the above-mentioned results, obtaining following
theorem.
Theorem 3.1. LetZ be a complete set of Sylow subgroups of a group G and p the smallest
prime dividing |G|. If the maximal subgroups of Gp ∈ Z are Z-permutable subgroups of
G, then G is p-nilpotent.
Next we use the 2-maximal subgroups of Sylow subgroups of a group G to get some
conditions for G to be p-nilpotent.
Theorem 3.3. LetZ be a complete set of Sylow subgroups of a group G and p the smallest
prime dividing |G|. If G is A4-free and the 2-maximal subgroups of Gp are Z-permutable
subgroups of G, then G is p-nilpotent.
We ﬁnish the paper with some extensions of the above results within the framework of
formation theory.
Recall that a formation F of groups is a class of groups which is closed under
homomorphic images and subdirect products, that is, G/M ∩ N ∈ F whenever M, N
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are normal subgroups of a group G with G/M ∈ F and G/N ∈ F. A formation F
is said to be saturated if G/(G) ∈ F implies that G ∈ F (see [7] or [11, Chap-
ter VI]). As usual, we denote by U the class of all supersolvable groups. It is easy to
see that U and the class of groups with Sylow tower of supersolvable type are saturated
formations.
Let Z be a complete set of Sylow subgroups of a group G. If N G, we denote
ZN = {GpN : Gp ∈ Z},
ZN/N = {GpN/N : Gp ∈ Z},
Z ∩N = {Gp ∩N : Gp ∈ Z}.
2. Preliminaries
The following lemmas will be used in the proofs of our main results.
Lemma 2.1 (Asaad and Heliel [3, Lemma 2.1]). Let Z be a complete set of Sylow sub-
groups of G, U a Z-permutable subgroup of G , and N a normal subgroup of G.
Then
(1) Z ∩N and ZN/N are complete sets of Sylow subgroups of N and G/N , respectively.
(2) UN/N is a ZN/N -permutable subgroup of G/N .
(3) If UN , then U is a Z ∩N -permutable subgroup of N.
Lemma 2.2. Let G be a group and Z a complete set of Sylow subgroups of G. Suppose N
and K are two normal subgroups of G and NK .
(1) If the maximal subgroups of the Sylow subgroups of K are Z-permutable in G, then
the maximal subgroups of the Sylow subgroups of K/N are ZN/N -permutable in
G/N ;
(2) If the 2-maximal subgroups of the Sylow subgroups of K are Z-permutable in G, then
the 2-maximal subgroups of the Sylow subgroups of K/N are ZN/N -permutable in
G/N .
Proof. (1) Let PN/N be a Sylow subgroup of K/N , where P is a Sylow subgroup of K.
LetM1/N be a maximal subgroup of PN/N . ThenM1 =N(P ∩M1). Let P1 = P ∩M1.
By P ∩ M1 ∩ N = P ∩ N , we have p = [PN/N : M1/N ] = [PN : N(P ∩ M1)] =
|P |/|P1| = [P : P1], so P1 is a maximal subgroup of P and M1 = P1N . By the hypothe-
ses, P1 is Z-permutable in G. Hence M1/N = P1N/N is ZN/N -permutable in G/N by
Lemma 2.1(2).
(2) LetM2/N be a 2-maximal subgroup of a Sylow subgroup PN/N ofK/N . Using the
same argument in (1), we can choose a 2-maximal subgroup P2 of P such thatM2 = P2N .
HenceM2/N = P2N/N is ZN/N -permutable in G/N by Lemma 2.1(2). 
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Lemma 2.3 (Wang [19, Lemma 4.1]). Let p be a prime dividing the order of G. Suppose
that (|G|, p − 1)= 1 and that the order of G is not divisible by p3 and G is A4-free. Then
G is p-nilpotent.
Lemma 2.4. Let P be a normal p-subgroup of G and Z a complete set of Sylow subgroups
of G. If every maximal subgroup of P is Z-permutable in G, then every maximal subgroup
of P is -quasinormal in G.
Proof. Let P1 be an arbitrary maximal subgroup of P. Then PGq is a subgroup of G for
every Gq ∈ Z. Since P G, Px−11 P , and therefore, Px
−1
1 GqG for all x ∈ G, while
P1Gxq = (P x−11 Gq)x is a subgroup of G. Hence P1 is -quasinormal in G. 
Lemma 2.5 (Zhang [20, Theorem 10, p. 400]). If G is a 2-group of order 2n with a cyclic
maximal subgroup, then G= 〈a, b〉, where a, b satisfy one of the following:
(1) a2n−1 = b2 = 1, ab = b−1ab = a (abelian group);
(2) a2n−1 = b2 = 1, ab = b−1ab = a−1 (the dihedral group);
(3) a2n−1 = 1, b2 = a2n−2 , where n3 and ab = a−1 (the generalized quaternion
group);
(4) a2n−1 = b2 = 1, ab = a1+2n−2 , where n4;
(5) a2n−1 = b2 = 1, ab = a−1+2n−2 , where n4 (the quasi-dihedral group).
Lemma 2.6. Suppose that G is a ﬁnite non-abelian simple group. Then there exists a odd
prime r ∈ (G), such that G has no {2, r}-Hall subgroup.
Proof. We distinguish three cases.
Case 1: G is a Lie type simple group over GF(q), where q = pf for some prime p.
When G is isomorphic to one of the simple groups Al(q), Bl(q), Cl(q), Dl(q), G2(q),
F4(q), E6(q), E7(q), E8(q), 2Al(q), 2Dl(q), by Spitznagel [16, Theorem 5.9], we can see
that there exists an odd prime r dividing |G| such that G does not satisfy E2,r , that is, G has
no {2, r}-Hall subgroup.
When G is one of 2E6(q), 2G2(q), 3D4(q), 2F4(q), 2B2(q). Let r = p when p = 2 and
let r be a primitive prime divisor of pc − 1, where c is in Table 1 when p= 2. Suppose that
G contains a {2, r}-Hall subgroupH. Denote byM(r) a maximal subgroup ofG containing
H. Then [G : M(r)] is odd. But by Liebeck and Jan Saxl [15, Table 1] we get that r divides
[G : M(r)], a contradiction.
Table 1
G c G c G c G c
2E6(q) 18f 2F4(q)
′ 12f 3D4(q) 12f 2G2(q) 6f
2B2(q) 4f U3(2n) 6n 2G2(3n) 6n L2(2n) 2n
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Case 2: G is an alternating group An with n5.
When n13, the result follows from [5]. Hence suppose that n> 13. Let r be the largest
prime n such that r is not a Mersenne prime. Then r > 12n andGr = 〈〉 is a cyclic group
of the order r. If G contains a {2, r}-Hall subgroup, H say, then |H | = r|G2|. By Bi and
Li [4, Lemma 4], we have that G2 normalizes Gr . On the other hand, since |CG()| =
|CG(〈〉)| = 12 (n − r)!r and NG(〈〉)/CG(〈〉)Aut〈〉, it implies that 2 divides [G :
NG(〈〉)], a contradiction.
Case 3: G is a sporadic simple group.
Let r be the largest prime dividing |G|. Using [5], we see that 2 divides the index of every
subgroupM ofGwhich is maximal with the property that their order is divided by r. Hence
G has no {2, r}-Hall subgroup.
By the classiﬁcation of ﬁnite simple groups, we get that Lemma 2.6 holds. 
Lemma 2.7 (Li et al. [14, Lemma 2.6]). Let N be a nontrivial normal subgroup of G. If
N ∩(G)=1, then the Fitting subgroup F(N) of N is the direct product of minimal normal
subgroups of G contained in F(N).
3. Main results
Theorem 3.1. LetZ be a complete set of Sylow subgroups of a group G and p the smallest
prime dividing |G|. If the maximal subgroups of Gp ∈ Z are Z-permutable subgroups of
G, then G is p-nilpotent.
Proof. Assume, byway of contradiction, that the result is false and letG be counterexample
of minimal order. Then since the hypotheses hold in every epimorphic image of G by
Lemma 2.2(1), it follows that G has a unique minimal normal subgroup, N say, and G/N
is p-nilpotent and (G)= 1. This is due to the fact that the class of all p-nilpotent groups
is a saturated formation. Moreover, p divides the order of N because G is not p-nilpotent.
Let Gp be the Sylow p-subgroup of G in Z. If Gp is cyclic, then G is p-nilpotent by
Gorenstein [8, Theorem 6.3, p. 257]. This is a contradiction. Hence Gp has two different
maximal subgroups,U andV say. Since, by hypothesis,U andV permutes withGq for every
Gq ∈ Z, it follows that GpGq is a Hall {p, q}-subgroup of G for every prime q dividing
the order of G.
Assume that N is abelian. Then N is a p-group and so N is contained in Gp. Since N is
not contained in(G), there exists a maximal subgroupM of G such thatG=MN . Hence
Gp = NMp, where Mp is a Sylow p-subgroup of M. Pick a maximal subgroup P1 of Gp
containing Mp. Then [N : P1 ∩ N ] = p. By hypothesis P1Gq is a subgroup of G for all
Gq ∈ Z. Then N ∩ P1 is a normal subgroup of P1Gq . Therefore, N ∩ P1 is a normal sub-
group ofG and soN∩P1=1 becauseN is a minimal normal subgroup ofG. This means that
N is cyclic of prime order. Hence G is p-nilpotent, a contradiction. Consequently, N is non-
abelian and soGpGq is a proper subgroup of G for every prime q. Since the hypotheses of
the theorem hold inGpGq , it follows thatGpGq is p-nilpotent. Moreover, p=2 by the Odd
Order Theorem. Let S be a simple component of N. Then S is a non-abelian simple group
with a 2-nilpotent Hall {2, q}-subgroup for every prime q. This contradicts Lemma 2.6. 
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Remark 3.1. In Theorem 3.1, the condition that p is the smallest prime dividing |G| cannot
be dropped. For example, setp=5 andG=A5, the alternating group of degree 5. The Sylow
5-subgroup of A5 is cyclic group of order 5, its maximal subgroup, the identity group, is
Z-permutable in A5, but A5 is not 5-nilpotent.
Theorem 3.1 allows us to give a shorter proof of [3, Theorem].
Corollary 3.2 (Asaad andHeliel [3, Theorem]). LetF be a saturated formation containing
the class of supersolvable groups U, Z a complete set of Sylow subgroups of G. Then the
following are equivalent:
(i) G ∈ F;
(ii) there is a normal subgroup H of G such that G/H ∈ F and the maximal subgroups of
Gp ∩H are Z-permutable subgroups of G, for all Gp ∈ Z.
Proof. It sufﬁces to prove (ii)⇒(i).
By Lemma 2.1(3) we know that the maximal subgroups ofGp∩H areZ∩H -permutable
inH, for allGp ∈ Z. FromTheorem 3.1, we have thatH has a Sylow tower of supersolvable
type. Let q be the largest prime dividing |H | and Q a Sylow q-subgroup of H. Then Q
is normal in H and so is in G. Clearly, (G/Q)/(H/Q)(G/H) ∈ F and the maximal
subgroups of the Sylow subgroups of H/Q are ZQ/Q-permutable in G/Q by Lemma
2.2(1). Thus, by induction, we have that G/Q ∈ F. Every maximal subgroup of Q is Z-
permutable in G. Therefore each of them is -quasinormal in G by Lemma 2.4. Applying
[1, Theorem 1.3], we have G ∈ F. 
Consider the alternating groupA5. The 2-maximal subgroup of the Sylow 2-subgroups of
A5 is the identity group and so it isZ-permutable inA5. In view of this example, it seems that
we cannot expect too much by considering the 2-maximal subgroup of the Sylow subgroups
of a group. However, we may prove the following result.
Theorem 3.3. Let Z be a complete set of Sylow subgroups of G and p the smallest prime
dividing |G|.SupposeG isA4-free. If the2-maximal subgroups ofGp ∈ ZareZ-permutable
subgroups of G, then G is p-nilpotent.
Proof. Assume that the theorem is false and let G be a counterexample of minimal or-
der. Since the hypotheses hold in every epimorphic image of G by Lemma 2.2(2), it
follows that G has a unique minimal normal subgroup, N say, and G/N is p-nilpotent
and (G) = 1. This is due to the fact that the class of all p-nilpotent groups is a satu-
rated formation. Moreover, p divides the order of N because G is not p-nilpotent. Let Gp
be the Sylow p-subgroup of G in Z. Then |Gp|p3, by Lemma 2.3. Furthermore we
claim that:
(1) Op(G) = 1. Therefore, N is not solvable. Furthermore, p = 2 by the Odd Order
Theorem.
If Op(G) = 1, then NOp(G). Since N(G) = 1, there exists a maximal subgroup
M of G such thatG=NM , N ∩M = 1,M is p-nilpotent and NG(Mp′)=M . On the other
hand, since the hypotheses of the theorem hold in the subgroups GpGq , for every Gq ∈ Z
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and N is self-centralizing in G, it follows that GpGq = G for some Gq ∈ Z. Therefore,
we may assume thatGq is contained inM andGp =NP ∗ for some Sylow p-subgroup P ∗
of M. If P ∗ is a maximal subgroup of Gp, then N is of order p and M is normal in G, a
contradiction. Therefore, P ∗ is contained in a 2-maximal subgroup P1 of Gp. Then M is
contained in P1Gq , which is a proper subgroup of G. Consequently, P1 = P ∗ and N is an
elementary abelian group of order p2. Notice that |Aut(N)| = (p+ 1)p(p− 1)2. Hence, if
there exists a q-element x of G such that x acts nontrivially on N, we must have that p = 2
and q = 3. In this case we have that 〈x〉N , so G has a section isomorphic to A4, contrary
to the hypotheses. Hence, every element ofGq acts trivially onN. ThenNNG(Gp′)=M ,
G=NM =M , a contradiction. Consequently, Op(G)= 1.
(2) G2 ∈ Z has a cyclic maximal subgroup.
Suppose thatG2 does not have a cyclicmaximal subgroup. Then everymaximal subgroup
P0 of G2 is generated by 2-maximal subgroups of G2. By the hypotheses, we can get that
P0 permutes with Gq for any Gq ∈ Z. Applying Theorem 3.1, G is 2-nilpotent, a contra-
diction.
In the sequel denote P =G2.
(3) G is not a non-abelian simple group.
Suppose G is a non-abelian simple group. By (2), P has a cyclic maximal subgroup. By
Lemma 2.5, P = 〈a, b〉 and a, b satisfy one of (1)–(5) in Lemma 2.5. Furthermore, if a, b
satisfy one of (2)–(5) in Lemma 2.5, then P/(P ) is an abelian group of type (2, 2) and
it is easy to see P = {ai, aib|0 i2n−1}. Thus a2 ∈ (P ). Since P/〈a2〉 is an abelian
group of type (2, 2), (P ) = 〈a2〉, that is, for any maximal subgroups P1 of P we have
a2 ∈ P1.
If a, b satisfy (1) in Lemma 2.5, then P is an abelian group and strongly closed in P with
respect to G. If a, b satisfy (3) in Lemma 2.5, then Z(P ) = 〈a2n−2〉. Since (aib)(aib) =
aib2(ab)i = aia2n−2a−i = a2n−2 = 1, a2n−2 is the only element of the order 2, hence Z(P )
is strongly closed in Pwith respect toG. If a, b satisfy (4) in Lemma 2.5, thenZ(P )=〈a2〉,
[P : Z(P )] = 4. Hence P has nilpotent class 2. Thus we conclude that when a, b satisfy
one of (1), (3) and (4) in Lemma 2.5, GL2(2n) with n3, U3(2n) with n2, SZ(2n)
with n odd and n> 1, L2(q) with q odd, J1, 2G2(3n) with n odd and n> 1, L3(2n) with
n> 1,PSp(4, 2n) with n2, or A7 by [9, p. 237, Theorem 4.128] and [9, p. 238, Theorem
4.129]. If a, b satisfy (2) or (5) in Lemma 2.5, thenGL2(q) with q odd and q > 3, L3(q)
and U3(q) for some odd q,M11, A7 by [10, p. 40, Theorem 1.47] and [10, p. 55, Theorem
1.63]. By [5, p. xv and p. 3] andDickson’s Theorem,PSp(4, 2),L3(2),L2(q) (q odd) andA7
have A4 as a subgroup, and PSp(4, 2n), L3(2n), L3(q) and U3(q) for some odd q have the
sectionsPSp(4, 2),L3(2),L2(q),L2(q). HenceG = PSp(4, 2),L3(2),PSp(4, 2n),L3(2n),
L2(q) (q odd), L3(q), U3(q), A7. By [9, p. 81, Theorem 2.28], 2G2(3n) has 2 × L2(3n)
as a subgroup; by [5, p. 18 and 36], M11 and J1 have L2(11) as a subgroup, hence M11,
J1 and 2G2(3n) have the section A4, G = M11, J1, 2G2(3n). Now suppose that G is one
of the simple groups L2(2n) with n3, U3(2n) with n2, SZ(2n) with n odd and n> 1.
Let r be the largest primitive prime divisor of 2c − 1, where the “c”s are in Table 1. For
Gr ∈ Z, if every 2-maximal subgroup of P =G2 permutes with Gr , then there exists the
maximal subgroupM of G containing Gr and 8 does not divide [G : M]. But checking the
orders of the maximal subgroups of G listed in [6], it is easy to see that 8 divides [G : M],
a contradiction. Hence (3) holds.
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(4) The ﬁnal contradiction.
By (1), G/N is 2-nilpotent and N is not solvable. Let N = T1 × T2 × · · · × Tt , where
all the Tis are isomorphic simple groups. Then Tq = (T1)q × (T2)q × · · · × (Tt )q for any
q ∈ (N). Since P has a cyclic maximal subgroup, t = 1. Thus N is simple.
LetN2=P ∩N , thenN2 ∈ Syl2(N) andN2 is not cyclic. If a, b satisfy (1) in Lemma 2.5,
then N2 is an abelian group. Assume that a, b satisfy one of (2)–(5) in Lemma 2.5. Let P1
be a maximal subgroup of Pwhich is not abelian, then a2 ∈ P1. Since P1 is not abelian, a, b
do not satisfy (4) in Lemma 2.5 and there exists aib ∈ P1. It is easy to obtain P1=〈a2, aib〉
and (aib)2= 1 or a2n−2 , (a2)aib= a−2 or a2n−2 . Similarly, the maximal subgroup of P1 has
also the similar deﬁnition relation. Hence, without losing generality, we can assume that
N2 is generated by two elements which satisfy one of (1)–(5) in Lemma 2.5. By the same
argument in (3), we obtain all the possibilities of N, which are listed in the argument (3).
Since N is A4-free, N must be one of the simple groups L2(2n) with n3, U3(2n) with
n2, SZ(2n) with n odd and n> 1. By [5, p. xvi, Table 1 and p. xvii], |Out(N)| divides
6n. Let r be the largest primitive prime divisor of 2c − 1, where the “c”s are in Table 1,
then r does not divide |Out(N)|. Since N is the unique minimal normal subgroup of G,
CG(N) = 1, GNG(N)/CG(N) and Gis isomorphic to a subgroup of Aut(N). Hence
|G/N | divides |Out(N)|. Thus Nr ∈ Sylr (G). Without loss of generality, we may assume
that Nr ∈ Z.
If 2 divides |G/N |, then N2 is a proper subgroup of P. Let P1 be a maximal subgroup
of P containing N2, then P1 is not cyclic, P1 is generated by 2-maximal subgroups of
P. By the hypotheses, it is easy to get that P1Gq =GqP1 for any Gq ∈ Z, which implies
N2Nr=(P1∩N)Nr=(P1Nr)∩N=(NrP1)∩N=NrN2. This shows thatN has {2, r}-Hall
subgroup. But by [6], it is easy to see that N does not have maximal subgroup containing
{2, r}-Hall subgroup, a contradiction.
If 2 does not divide |G/N |, then P ∈ Syl2(N). By Lemma 2.1(3), for any 2-maximal
subgroupK ofP,K isZ∩N -permutable inN. IfN <G, thenN is 2-nilpotent by theminimal
choice of G, thus N is solvable, which is contrary to (1). Whence G= N . That means that
G is a non-abelian simple group, contrary to (3), the ﬁnal contradiction. 
The following corollaries follow from Theorem 3.3.
Corollary 3.4. Let Z be a complete set of Sylow subgroups of G. If for every prime p
dividing the order of G and P ∈ Sylp(G), every 2-maximal subgroup of P isZ-permutable
in G and G is A4-free, then G is a Sylow tower group of supersolvable type.
Corollary 3.5. LetF be the class of groups with Sylow tower of supersolvable type and N
a normal subgroup of G such that G/N ∈F. Let Z be a complete set of Sylow subgroups
of G. If, for every prime p dividing the order of N and P ∈ Sylp(N), every 2-maximal
subgroup of P is Z-permutable in G, then G belongs toF.
Proof. By Lemma 2.1 and Corollary 3.4, N is a Sylow tower group of supersolvable
type. Let r be the largest prime in (N) and R ∈ Sylp(N). Then R is normal in G and
(G/R)/(N/R)G/N ∈F. By Lemma 2.2(2), every 2-maximal subgroup of any Sylow
subgroup ofN/R isZR/R-permutable inG/R by Lemma 2.1(3). Therefore,G/R satisﬁes
the hypotheses of the theorem for the normal subgroup N/R. Thus, by induction, G/R
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is a Sylow tower group of supersolvable type. Since every 2-maximal subgroup of R is
Z-permutable in G, -quasinormal in G by Lemma 2.4.
If r is the largest prime dividing the order of G, then it is clear that G is a Sylow tower
group of supersolvable type. We may and shall assume that q is the largest prime dividing
the order of G with q > r . Let Q be a Sylow q-subgroup of G. SinceG/R is a Sylow tower
group, RQ is normal in G. By the Frattini argument we have G = RNG(Q). If RQ<G,
then RQ is a Sylow tower group of supersolvable type by induction on |G|. ThusQRQ
and G = NG(Q), i.e., QG. Now, we consider the quotient group G/Q and its normal
subgroup NQ/Q. By Lemma 2.2(2) every 2-maximal subgroup of any Sylow subgroup of
NQ/Q isZQ/Q-permutable inG/Q. SoG/Q, with its normal subgroupNQ/Q, satisﬁes
the hypotheses of our theorem. By induction, G/Q is a Sylow tower group. Therefore, G
must be a Sylow tower group of supersolvable type. Hence supposeG=RQ. Now let L be
a minimal normal subgroup of G with LR. Then, it is easy to see that the quotient group
G/L satisﬁes the hypotheses of our theorem for the normal subgroup ofR/L. By induction,
we see that G/L is a Sylow tower group of supersolvable type. We may and shall assume
that L is the unique minimal normal subgroup of G which is contained in R. If L(G),
then it follows that G is a Sylow tower group of supersolvable type. Thus, we may further
assume that R ∩ (G) = 1. Then, by Lemma 2.7, L = F(R) = R is an abelian minimal
normal subgroup of G.
If R is a cyclic group of order r, then because Aut(R) is a cyclic group of order r − 1
and G/CG(P )Aut(R), we see that |Q| divides |CG(R)|. Therefore, we may and shall
assume that QCG(R). Then G = R × Q. Obviously, G is a Sylow tower group of
supersolvable type. So suppose |R|r2. We choose R1 a 2-maximal subgroup of R. Now
R1 is -quasinormal in G, thus NG(R1)Or(G) by Li et al. [14, Lemma 2.2]. Thus R1 is
normal in G, and thus R1 = 1 by minimality of R. Hence R is an elementary abelian group
of order r2. Since R is normal inG, any element g ofQ induces an automorphism  of R and
|Aut(R)|= (r+1)r(r−1)2.When r=2, if  = 1, the order of must be 3 ( q= r+1=3),
due to q > r . Then R〈〉A4, contrary to hypotheses. Thus we have that  = 1. If r > 2,
since r + 1 is not a prime, = 1. Therefore,G=R ×Q, and so G is a Sylow tower group
of supersolvable type. This completes the proof. 
Corollary 3.6. LetZ be a complete set of Sylow subgroups of G. Suppose that G isA4-free
and N a normal subgroup of G such thatG/N is supersolvable. If, for every prime p dividing
the order of N and P ∈ Sylp(N), every 2-maximal subgroup of P is Z-permutable in G,
then G is supersolvable.
Corollary 3.7. Let G be a group of odd order, and Z a complete set of Sylow subgroups
of G. Assume that N is a normal subgroup of G such that G/N is a Sylow tower group
of supersolvable type. If, for every prime p dividing the order of N and P ∈ Sylp(N),
every 2-maximal subgroup of P is Z-permutable in G, then G is a Sylow tower group of
supersolvable type.
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